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Abstract. Hierarchical structures are pervasive in computer science.
They are a fundamental means for modeling many aspects of reality and
for managing wide corpora of data and digital resources. How to model
and manage data hierarchies is a major theme in database theory and
practice. The most important hierarchical structure is the tree, which has
been widely studied, analyzed, and adopted in several contexts and sci-
entific fields over time. In this paper we describe an alternative approach
for modeling and managing hierarchies, called the Nested Sets Model
(NS-M) and we describe how it is possible to reconsider structural and
content queries by exploiting this model.

1 Motivation

Hierarchical structures are pervasive in computer science. They are a fundamen-
tal means for modeling many aspects of reality and for managing wide corpora
of data and digital resources. How to model and manage data hierarchies is a
major theme in database theory as well as in database applications [1] and it
has been extensively treated in the context of database abstractions, the rela-
tional model, the complex value model, object-oriented database systems, and
semistructured data and Extensible Markup Language (XML).

In the database field and more generally in computer science, the fundamental
structure used to model and represent hierarchies is the tree. The tree has been
formalized and deeply studied, its properties are well understood, and many of
the algorithms based on it run in polynomial time. Therefore, the tree has been
exploited by researchers and developers in many different fields to model and
solve their problems. In this sense, trees are considered “the most important
nonlinear structures that arise in computer science” [6].

In this article we propose an alternative approach for modeling and managing
hierarchies, called Nested Sets Model (NS-M), which is based on the inclusion
between sets as a means to capture hierarchical relations. The foundational idea
underlying this model is to express the hierarchical relationships between objects
through the inclusion property between sets, in place of the binary relation
between nodes exploited by the tree. Therefore, the pivotal question we want to
address is how structural and content queries on hierarchies can be handled with
a data model other than the tree. In order to answer this question we define the
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Fig. 1. A sample Nested Sets Collection (NS-C) mapped from a tree represented by
means of an Euler-Venn diagram.

NS-M (Section 2.1), we describe how it allows us to handle structural and content
components of a hierarchy (Section 2.2) and we prove its properties (Section
2.3). In Section 3 we specify basic structural and content query operations by
highlighting how they can be handled by the NS-M; and, in Section 4 we draw
some final remarks and future works.

2 The Nested Sets Model (NS-M)

2.1 Definition of the Model

The NS-M is formally defined as a collection of subsets where specific conditions
must hold [2,4].

Definition 1 Let A be a set and let C be a collection of subsets of A. Then C is
a Nested Sets Collection (NS-C) if:

AecC, (2.1)
VA, KecC|HNK+#0=HCKVKCH.

Therefore, we define a NS-C as a collection of subsets where two conditions
must hold. The first condition (2.1) states that set A which contains all the
subsets of the collection must belong to the NS-C itself. The second condition
states the intersection of every couple of sets in the NS-C is not the empty-set
only if one set is a proper subset of the other one. !

The NS-C is represented by means of an Euler-Venn diagram as we can
see in Figure 1, which represents a sample NS-C composed of five nested sets:

! The graphical representation of a tree as a collection of nested sets was originally
presented in [6] with no formal definition of a “nested sets model”; afterwards, this
representation has been exploited in [3] to explain an alternative way to solve recur-
sive queries over trees by using an integer intervals encoding. Also [5] proposed the
same idea to solve recursion in relational databases.
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C ={A,B,C,D,E}. We can see that A is the top set of C (i.e. the common
superset of all the sets in C) and thus Condition 2.1 is respected, and all the
sets are either disjoints or one is a proper subset of the other as required by
Condition 2.2.

2.2 Separating Structure and Content

From the structural point-of-view, a collection of subsets is represented by the
sets in the collection and their inclusion dependencies. A collection of subsets
at the intensional level is defined by its structure. Let us consider an example,
we can say that C = {4, B,C} where BC A, C C Aand BZ CAC ¢ B is
a NS-C because it respects conditions 2.1 and 2.2 of Definition 1. In this way,
we know the structure of the collection and we know which relationships hold
between the sets.

When we consider a collection of subsets C from the the content point-of-view,
it means that we refer to its extensional level. From the content point-of-view a
collection of subsets C is represented by the extension of the sets composing it;
the properties of the sets are then verified by inspecting the sets and verify the
elements that they contain. In this case, we say that the content of a collection
of subsets defines the extension of such a collection. Therefore, we can say that
C ={A, B,C} where A = {a,b,c,d}, B={b} and C = {¢,d} is the extension of
a NS-C. In the next example we can see a NS-C defined at the intensional level
which at the extensional level is satisfied by two different NS-C.

Example 1 Let us consider the following NS-C defined at the intensional level:
C ={A,B,C,D} where BC A, CC A DCC and BEZ CANC € B. Then,
A ={a,b,c,d,e}, B={b}, C ={c,d,e}, D ={d,e} is a valid instance for C,
as well as A = {a,b,c,d,e, f}, B ={c,d}, C = {b,e, f} and D = {f}; indeed,
they both satisfy the specified structural conditions.

Both the structural and the content point-of-view are important for the treat-
ment of the NS-M. We exploit the structure defined at the intensional level to
define the properties of NS-M; whereas we exploit the extensional level to per-
form set operations which manipulate the content of the subsets composing the
collections.

In the following we make extensive use of the concepts of collection of proper
subsets and supersets and of direct subsets and supersets. Let C be a collection
of sets and A € C be a set, we define:

- S8 (A)={BeC : AC B} to be the collection of proper supersets of
A in C;

— 8T(A)={BeC : BC A} to be the collection of proper subsets of A
in C.

-D (A ={BeC : (ACB)ABE€C|ACEC B))} to be the
collection of direct supersets of A in C.

- Df4) ={BeC : (BCAANBE€e€C|BCECA)} tobe the
collection of direct subsets of A in C.
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2.3 Properties of the Model

Many properties of the NS-M are derived by the straightforward application of
set theory as we show in the following example which takes into account the
intensional level.

Example 2 Let C be a NS-C. For all HHK € C | H C K we can derive from
set theory that HUK = K and HN K = H. As well as we can say that for all
HKeC|HZKNK¢H=H\K=HAK\H=K.

In this example we see that the sets in a NS-C behave exactly as one would
expect under the operations of union, intersection and set difference. Let us see
an example which shows how these operations behave at the extensional level.

Example 3 Let C = {A, B,C} be a NS-C, where B C A and C C B. Then let
us consider the following instance: A = {a,b,c,d,e}, B ={c,d,e} and C = {e}.
Then, BUC = {¢,d,e} = B and BNC = {e} =C.

Let us consider a NS-C C, the next proposition shows that for all H € C, H
has at most one direct superset.

Proposition 1 Let C be a NS-C. Then, VH € C,|D~(H)| < 1.

Proof. Ab absurdo suppose that 3H € C such that [D~(H)| > 1 = 3K,L €
D (H) |HCKANHCLALZKAKZL=KnL=H = Cis not a NS-C
(condition 2.2 of Definition 1).

The following corollary to this proposition shows that the set with minimum
cardinality in the collection of supersets of H is its direct superset.

Corollary 2 Let C be a NS-C, H € C be a set, S~ (H) be the collection of proper
supersets of H and K € S™(H) where VL € S~ (H),|K| < |L| be the subset with
minimum cardinality in S™(H). Then, D~ (H) = K.

Proof. We know from Proposition 1 that |D~(H)| < 1. Then, ab absurdo sup-
pose that VL € S™(H),|K| < |L| and that IW € S~ (H) | (W] > |K|) A
(D~ (H) = W)). This means that H C W A H C K and by definition of NS-M
WCKVECW.EWCK = |W|<|K[;if K CW = |K| < |W|. So if
DHH) =W = |W| < |K].

The next proposition proves that the direct subsets of H are always disjoints.

Proposition 3 Let C be a NS-C and H € C be a set, then VK, L € DT(H), KN
L=0.

Proof. Ab absurdo suppose that K N L # ) = K N L = W such that [W| >
INWZKAW ¢ L= Cisnot aNS-C.
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3 An Insight on Structural and Content Queries

When we deal with a NS-C, we can distinguish between structural and con-
tent queries. Structural queries ask for the relationships between the sets in a
collection of subsets — e.g. “Return all the sets in C which are supersets of the
set H € C”, in this case we are not interested in the actual content of the sets,
instead we just want to know which sets are supersets of H. Content queries
ask for the actual content (the elements) of the sets in a collection of subsets —
e.g. “Return all the elements in C belonging to supersets of H € C” or “Return
all the elements in C belonging to subsets of H € C”. A possible data struc-
ture to implement these queries has to take into account the structural and the
content components of the NS-M. it is possible to propose a dictionary-based
data structure which from the structural point-of-view, stores the inclusion de-
pendencies between the sets; and, from the content point-of-view, it stores the
materialization of the sets (i.e. the elements of each set).

If we consider a NS-C C and a set H € C, the structural query operations we
point out are: DESCENDANTS(H) which returns the sets which are descendants
of H, ANCESTORS(H ) which returns the sets which are ancestors of H, CHIL-
DREN(H ) which returns the sets which are children of H, and PARENT(H ) which
returns the set which is the parent of H. The worst-case scenario for all these
structural queries is represented by a NS-C structured as a chain. In the case of
the DESCENDANTS(H) query the worst-case input set H is the top set because
the query has to return all the sets in the given NS-C. All other structural query
operations can be implemented to run in constant time for whichever collection
of subsets and input set by exploiting the described properties of NS-M. For
instance, the PARENT operation can be implemented in O(1) time by exploiting
the fact that every set in a NS-C has at most one direct superset as proved in
Proposition 1.

The content query operations are: ELEMENTS(H) which returns the ele-
ments in the set H, DESCENDANTELEMENTS(H ) which returns the elements in
the descendants of H, ANCESTORELEMENTS(H ) which returns the elements in
the ancestors of H, CHILDRENELEMENTS(H ) which returns the elements in the
children of H, and PARENTELEMENTS(H) which returns the elements in the
parent of H.

The NS-M is built in such a way that each set contains all the elements of its
descendants; therefore, it is possible to answer this query without browsing the
collection of subsets (without browsing the hierarchy) or without passing through
any structural query. We can see how these queries are independent with respect
to their correspondent structural queries. In order to answer the content queries
we do not need to browse the hierarchical structure of the collection of subsets.

4 Final Remarks and Future Works

By defining the NS-M we showed that it is possible to model hierarchies ex-
ploiting the inclusion property between sets in place of the binary relationship
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between nodes adopted by the tree. We provided the theoretical basis for employ-
ing the NS-M as an alternative to the tree to model hierarchies, and for exploiting
a set-theoretical environment for the definition of problems and solutions with
hierarchies. It is possible to exploit the fact that content and structure compo-
nents of hierarchies are modeled as independent building blocks of the NS-M to
define structural and content queries. We gave a first insight from the theoretical
point-of-view on how content queries do not strongly rely on structural queries
as happens with the tree.

In the future we are going to conduct experiments on synthetic and real
datasets to experimentally verify that both structural and content query oper-
ations are scalable and efficient in the NS-M. The experimental analysis will
be aimed to show how the choice between the tree and the NS-M has to be
made on an application basis by evaluating which operations are executed more
frequently. It will be thus possible to investigate and propose data structures
optimized for specific contexts and applications so that to gain further perfor-
mances for the NS-M.
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