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Abstract. Vector Quantizers (VQ) can be exploited for classification. In partic-
ular the gradient of the error probability performed by a VQ with respect to the
position of its code vectors can be formally derived, hence the optimum VQ can
be theoretically found. Unfortunately, this equation is of limited use in practice,
since it relies on the knowledge of the class conditional probability distribu-
tions. In order to apply the method to real problems where distributions are un-
known, a stochastic approximation has been previously proposed to derive a
practical learning algorithm. In this paper we relax some of the assumptions un-
derlying the original proposal and study the advantages of the resulting algo-
rithm by both synthetic and real case studies.

1 Introduction

Vector Quantization is the process of mapping continuous or discrete vectors pro-
duced by a source, into a finite set of symbols, called the codebook, that can be
transmitted or stored using a finite number of bits [1]. Because of its strong mathe-
matical background, accompanied with simplicity and easy of use, Vector Quantiza-
tion finds application in diverse domains like signal detection, image and video com-
pression, image segmentation, face recognition, speech recognition and clustering,
among others. Since introduction in the ‘70s, researchers continue to study mathemat-
ical properties and variants of Vector Quantization, its application to novel data struc-
tures, domains and problems [2,3] and to develop learning algorithms for the effective
design of the codebook [4,5,6], or to improve efficiency [7]. In the application of
Vector Quantization to the classification problem, most of the techniques adopt loss
functions different from the misclassification risk to define the learning algorithm, the
main reason being that the traditional empirical estimate of the risk is not differentia-
ble. An exception is [8], where a continuous stochastic estimate is exploited to derive
the gradient with respect to the codebook. However, in order to be applicable, the
general theoretical form of the gradient has been approximated, giving rise to a simple
and cheap algorithm called BVQ. This algorithm compares favorably with state of the
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art techniques [9], but it shows some limitations on high-dimensional spaces and on
discrete data. Arguing that this behavior is related to the bias introduced by the ap-
proximation when data are sparse, in this paper we present a variant of the algorithm
that exploits a finer approximation, improving performance.

In the next section we first present the details about Vector Quantizers architec-
tures used for classification and describe the essential steps that lead to the derivation
of the BVQ algorithm. Then the new approximation and solutions to deal with tech-
nical issues related to it are presented. In section 3 we show experiments on artificial
and real datasets that analyze the behavior and performances of the two algorithms.
Finally in Section 4 we draw some conclusions and future work.

2 Bayes Vector Quantizer

This section is devoted to illustrate the theoretical principles underlying the Bayes
Vector Quantizer (BVQ) algorithm, a stochastic gradient descent algorithm aimed at
minimizing the average misclassification risk performed by a Labeled Vector Quan-
tizer (LVQ). In particular, in the following we start describing the basics of statistical
decision theory.

Let boldface characters denote random variables, and let (x, ¢) be a random varia-
ble pair taking values from R"XC, where the continuous random vector x is the ob-
servation (or feature) vector, while the discrete random variable ¢ €
C = {c1,¢y ..., cc}is its class. Classes are statistically characterized by conditional
probability density functions (cpdf) pyc(x|c;), measuring the probability that x = x

given that the class observed is ¢ = ¢;. Also, a priori probabilities P.(¢;), i =1, ..., C
are given. From cpdf, a-posteriori probabilities class can be derived by the Bayes
theorem:
Pxe(x]¢;) Fe(c;)
Pyl ) - eI el M
Px(x)

where p_(x) is the probability density function of the random vector x.

In order to ease notation, boldface subscripts will be dropped when this will not
make confusion among random variables.

On the basis of the a-posteriori probabilities in (1), it is possible to introduce a de-
cision rule (or classification rule), that is a mapping ®(x): R®—C, expressing the
decision taken to classify the sample x being observed. A sample x is assigned to the
class c;, for which p(x|c;) is maximum. The decision rule partitions the observation
space into as many decision regions as the classes in C. To evaluate the quality of this
decision rule we can resort to the average misclassification risk (or, in short, average
risk), that is defined as

f R(D(x) | x) p(x)dVx )
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where R(®(x)|x) is defined as conditional risk, that is the risk, or cost, of choosing a
given class following the analysis of a given sample, and is expressed by

R(c; |x)= Y ble; > ¢)P(c; | x) 3)
7=l

where b(¢; — c;) are the elements of a cost matrix B, representing the cost of decid-
ing in favor of class ¢; when the true class is ¢;. If b(c;j+— ¢;))= 1 for i# ]
and b(c; — ¢;) = 0 for i = j, then average risk turns to the well-known 0-1 loss, or
error probability.

The Bayes rule is the classification rule @5 that minimizes the average risk.

Before describing the BVQ algorithm, we briefly introduce the main concepts of
the model underlying it, namely Labeled Vector Quantizer. A nearest neighbor Vec-
tor Quantizer with Euclidean distance (VQ) is a mapping Q:R"™ — M where
M={m;, my,..., my} is called codebook and vectors m; are called code vectors. The
relation () partitions the R" space into M Voronoi regions, where the i-th region is
defined as

v, = {x € R™: |lx —myll?> < ||x—m].||2\7’j¢i} @

The set of aforementioned regions defines the n-dimensional Voronoi diagram of
the codebook M .

A Labeled Vector Quantizer (LVQ) is a VQ equipped by a further mapping which
assigns a label from C to each code vector. The decision border of an LVQ is piece-
wise linear. Having a classification rule based on a LVQ, the equation (2) becomes:

C M
R(A(Q) = b(c; = 1) [ Plc; | x)p(x)dV, ®)
ZZ J _I[ i

where [; € C is the label of the code vector m;. Note that the average risk depends on
Voronoi regions, which in turn depends on the mutual position of code vectors; thus,
it is possible to modify the average risk by modifying their positions. A principled
way to do this is to adopt gradient descent techniques:

mE = ® _ 0y O (k)
i=12,...M; k=0,L..

(6)

where m,® is the code vector m; at the k-th iteration of the algorithm, y* is the step
size and V;R(Q) is the i-th component of the gradient of the average risk. At each
iteration of the algorithm the code vectors are updated (and hence the decisional rule)
on the basis of the k-th measurement of the average risk gradient.

To compute the gradient, it is important to note that, when p(x) is smooth, the aver-
age risk is differentiable with respect to the position of code vectors, hence the analyt-

Nicola Ferro and Letizia Tanca (Eds.): SEBD 2012, Edizioni Libreria Progetto, Padova, Italia
ISBN: 978-88-96477-23-6, Copyright (c) 2012 - Edizioni Libreria Progetto and the authors



196 C. Diamantini, L. Genga, and D. Potena

ical form of the gradient can be obtained [8]. The gradient with respect to the code
vector m; takes the form:

Q& ble; o 1) =ble, > )
Vz’R(Q)=EE 5 H"I;i—m{j( i ng(ml- -x)p(c; [ x)p(x)dS, (7

J=l4=4,

where ¢q,...q, are the indexes of code vectors that are adjacent to m;, and S;, is the
decisional surface (i.e. a (n-1) dimensional hyperplane) separating Voronoi regions of
m; and m,. In order to obtain the gradient when class distribution are unknown (as
usual in real classification problems), we refer to the Parzen estimate [10, Chap. 6].
Hence the gradient becomes:

N _ .
— E b(h>1,)~b(h>1,)

m; —m
& o

x [ (m; —x)w(x - z)dS, ®)
/

where w(x) is the kernel or Parzen window, z is a sample randomly chosen from the
training set and h is its class label. The derivation of the gradient formula is not re-
ported due to page limitation. Interested readers can refer to [8].

The Bayes Vector Quantizer algorithm uses a particular form of w(x) that allows a
simple and cheap implementation. In particular, we consider a hypercubic window,
that is w(x) = A™" over a n-dimensional hypercube of side A centered on the origin
and w(x) = 0 elsewhere. In such a way, the integral in (8) assumes a non-zero value
for each point on the decision border which is less than A/2 from the projection of z
over the border; in other words V;R(Q) # 0 for all the pairs m;, m, such that S;, falls
into the window centered in z (i.e. 3x € S; ;: w(x — z) = A™"). At each iteration of
the algorithm, only code vectors in these pairs are updated, while other code vectors
remain unchanged.

The main issue is to check whether the piece of decision border S;, falls in the
window. In order to solve this issue, we could compute the n-dimensional Voronoi
diagram or its dual, namely the Delaunay diagram [11, 12]. Although the use of these
diagrams allows a precise calculation of the gradient, their definitions makes the algo-
rithm highly inefficient. Furthermore, experimental results have not shown a signifi-
cant improvement in performance with respect to implementations that we will pre-
sent in this work. Hence, we left this direction in place of approximate solutions. To
this end, note that if we consider only the piece of border nearest to z (i.e. the one
related to the first two code vectors nearest to z), the issue of checking whether §;,
falls in the window becomes to check whether the distance between the point z and
the line S;, is less than A/2. Hence, the BVQ2 version has been introduced, where at
each iteration only the two nearest code vectors are updated [8].

In this version the formula (8) becomes:
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(b(h— 1) —bh— 1)) (m —z,,)

V\R(®) = Ay = m| ©
V,R(D) = (B> 1) =b(h > 1,))-(my — 215)
’ Ay = m]

where z,, is the projection of the point z on the surface §;, separating the first two
code vectors nearest to z, namely m; and m,. The assumption underlying BVQ?2 is that
the window intersects only one piece of the decisional border at a time. This assump-
tion can be considered true since the unbiasedness of Parzen estimate requires that the
span of the window is reduced as the training set grows. BVQ2 has experimentally
shown comparable or better results than those obtained by well-known and effective
classification algorithms; furthermore, from computational point of view BVQ2 turns
out to be an advantageous choice [8, 9].

When the training sample falls close to a vertex of the Voronoi diagram, that is the
window intersects more than one piece of the decision border, then the approximation
error introduced in (9) becomes not negligible.

In these cases we can improve the classifier performances by updating more than
two code vectors, achieving a better approximation of (8). In particular, in this work
we introduce BVQ3, a version of the BVQ algorithm which updates up to 3 code
vectors at each iteration. In this case, the components of the gradient, for the first
three code vectors nearest to z (m;, m, and m; respectively), are:

(b b)=bh> 1)) (m —z,,)  (blhio 5)=blhi b)) (m - 25)

ViR(®) =
ZAHml - mzH ZAHml - m3H (10)
V.R(@) < LB D) =bho b)) (my = 25) (b L) =bh 5 1)) (5~ 23,3)
2R(®) = +
ZAHml - mzH 2AHm2 - m3H
V@) < PO DB b)) =35) | (B> 1) =B 1) -1y~ 25)
24y - 2A]my s

The pseudo code of the BVQ3 version is shown in Figure 1. Again, we have to
check whether the intersection between the decision border at each iteration and the
hypercubic window is not null. To this end, first we check whether the piece of deci-
sion border formed by the first two code vectors close to z are in the window (step
4.3). This step is the same as in BVQ2 version. Please note that, if these two code
vectors belong to the same class, then the surface dividing their Voronoi regions is not
a piece of decision border. In this case, whatever the class h of z, it turns out that
b(h — ) = b(h — [,), making zero right sides of (9); and, the two code vectors are
de-facto not updated. Hence, in order to speed up the execution avoiding an unneces-
sary check, (at the step 4.3) we introduced also the check on the classes of m,; and m,.

Note also that if the piece of border between m; and m,does not intersect the win-
dow, then surely no other piece of border can intersect it. Therefore, if the check in
4.3 is false, no other check is needed and the algorithm goes to next iteration. Other-
wise, we have to check whether pieces of decision border formed by m;fall in the
window, as in Figure 2.
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To this end, before all, we have to check whether the third code vector forms bor-
ders with m; or m,, that is to check whether the Voronoi region of m; is adjacent to at
least one of the region of m; and m,. This further checking is needed due the fact that
the existence of a Voronoi surface between the first and the third code vector or be-
tween the second and the third one is not guaranteed, while it always exists between
the first two nearest code vectors. In this case, we could again use the analytical form
of the Voronoi diagram, but as said above its computation is inefficient.

Let label(x) be the function that returns the class of x.
1. Set the value of A, yo, the number of iterations #,,,, and the maximum number
of attempts try_max;
2. Initialize code vectors m;.....m,;
SetﬂagBVQ3= 0,
4. Fork =1 to n,,, do
1. Randomly pick a training pair (z(k), h™) from the training set;
2. Find the first three code vectors m;, m,,m; nearest to Z® , such that
lmy = 20° < [, = 20| < fmy - 20|
3. If (label(my) # label(my) and [ 200 — 209 || < a/2)
1. If (label(m;) # label(m;) or label(m,) # label(m;))
1. Set try=0;
2. While (flagpyos;=0 and try < try_max)

1. Set d=z" + noise;

2. try=try + I;

3.1fw(d —z®) %0

1. Find the first 3 code vectors q;q,q; nearest to d, such
that: [lq; — dlI* < llqz — dll* < llgz — dll?
2. If (q =m;and (qu =m,; or g = my))
1. update m;, m, ,m;using the formula in (10);
2. flaggrps=1;
2. else update m; and m;using the formula in (9);

w

Fig. 1. Pseudo-code of BVQ3 algorithm

Hence, in order to reduce complexity, the adjacency of Voronoi regions is empiri-
cally tested according to the following principle: regions V; (or V) and V3 are adja-
cent if a point d closed to z exists, such that m; and m; (or m,) are the two code vec-
tors nearest to d. To implement this idea, we add a Gaussian n-dimensional noise to
the training sample z, and then we find the neighborhood of the new point d = z +
noise (see Figure 2). The variance of the noise has to be set to a value smaller than the
size of the window. As a matter of fact, values comparable to (or bigger than) A
would have the effect of altering the learning of BVQ, as if de-facto we extend the
size of A. Now, if d falls in the window (step 4.3.1.2.3) and the adjacency of V3 and
V1 (or V) is established (step 4.3.1.2.3.2), then m;, m, and m; are updated according
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to (10). The checking of adjacency is repeated at most #y_max times. If the adjacency
cannot be established, then only m; and m;, are updated using the formula (9), as in

BVQ2.
S)J
V;
I/‘P
. >
> ] Q
Sa 7

Fig. 2. Example of a point who satisfies the update conditions

We like to highlight that although the proposed BVQ3 version is, of course, more
time-consuming than BVQ?2, the two version have the same complexity order. As a
matter of fact, the main differences are in the extraction of three neighbors instead of
two, and in the checking the adjacency of third region. However, whatever the num-
ber of nearest code vectors to find, it is needed to order all code vectors. The latter
check implies the computation of ©Y-"%%/, distances on average. In the next Section,
we experimentally show the advantages of BVQ3 over BVQ2.

3 Experiments

This section is devoted to experimentally evaluate the BVQ3 algorithm and to com-
pare it with the BVQ2 version. We first examine their accuracy and ability to approx-
imate the Bayes decision border on a synthetic experiment. Then we show the per-
formances on real-world datasets from the UCI Machine Learning Repository [13].

In both cases the figure of merit to compare the two algorithms is the error proba-
bility, hence the cost matrix has been always set to [0 1;1 0]. In particular, for each
dataset we show results obtained by using a 10-fold cross validation procedure. The
same folds are used both for BVQ2 and BVQ3.

3.1 Experiment with a synthetic dataset

The first experiment has been performed on a two classes 2-D dataset. Each class has
been drawn from 2-D independent Gaussian distributions, with the same a-priori
probability and zero means. The two classes can be distinguished by means of their
covariance matrixes, I for class ¢l and 0.01-I for class c2 respectively, where I is the
2x2 identity matrix.

In order to determine the best A window size, we refer to the Parzen method to de-
rive the variance that minimizes the error probability on the test set. In particular, by
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centering a Gaussian function on each training sample, an estimated probability densi-
ty function (pdf) has been obtained for both class. Based on the estimated pdfs and the
classes’ a priori probability, test samples have been classified according to the Bayes
decision rule. Varying the variance of the Gaussian distribution we are able to obtain
different estimate of data distribution and, hence, classification. The estimate that
minimizes the classification error is the best approximation of the data distribution,
and returns the optimal variance. For this dataset, the best value of the variance is
6°=2.1-10-5. As in BVQ we use a hypercubic window instead of a Gaussian distribu-
tion, the value of delta is given by the following formula: A =+/12-0? =0.0159.

The number of iteration was fixed at 40000, and several experiments have been
performed, by varying the y° value, the number of code vectors and, in the case of
BVQ3, the #ry_max value. In particular, we set v’ values within the interval [0.00159,
0.0159] with a step of 0.02. Every experiments has been repeated by doubling the
number of code vectors, ranging from 4 to 128. The #7y_max parameter has been set
to 10,20 and 50.

Table 1 reports best results with respect to the number of code vectors, obtained by
varying other parameters. Values are averages resulting by applying a 10-fold cross
validation procedure, bold ones are the minimal errors for the two BVQ versions. In
both versions, the best accuracy is achieved with 64 code vectors, where the BVQ3
outperforms the result of BVQ2. We can note that the result are close to the Bayesan
error, which for this problem is 0.027. In general BVQ3 provides better or at least
comparable results than BVQ2.

Table 1. Error probability on Gaussian

Number of code vectors
4 8 16 32 64 128
BVQ2 0.0425 | 0.0295 | 0.0295 | 0.0285 | 0.0282 0.029
BVQ3 0.0415 | 0.0296 | 0.0291 | 0.0289 | 0.0277 | 0.0288

In order to evaluate the ability of approximating the Bayes decision we report the
initial (Figure 3.(a)) and the final (Figure 3.(b)-(c)) code vector configurations
reached by the two BVQ versions, corresponding to the minimum error values ob-
tained in Table 1. In the Figure, points are code vectors and lines define the Voronoi
regions of any code vectors. The bold line is the decision border, while the dotted line
represents the optimal (Bayesian) decision border, which for this problem is a circle.
Code vectors in the initial configuration are randomly chosen.

Notice that the 3-vector updating determines a better approximation of the border
than BVQ2. Furthermore, the distribution of code vectors in BVQ3 is more regular
than in the previous version.
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3.2 Experiments with real-world datasets

As mentioned before, in this section we analyze the results of the experiments con-
ducted on 4 datasets chosen from the UCI Machine Learning repository, namely Aus-
tralian, Liver, Mushroom and Ionosphere datasets. Main characteristics of these da-
tasets are reported in Table 2.

065 065
» -
DEV 4 . 08
\ 4 3{"‘ ; :
055 : 055
05 05 \
0.45 05 055 06 065 045 05 055 06 065
(b) (©)

Fig. 3. Example of convergence of the algorithm for Gaussian: (a) Initial code-vector layout,
(b) final BVQ2 configuration, and (c) final BVQ3 configuration.

As a first step, a data normalization procedure has been performed, with the aim to
have all features within the [0, 1] interval, so to give equal importance to each feature
during learning. To this end, we have applied the following formula:

X; —min;

'

X; = -
max; —min; (1 1)

where x; is the original feature and x; is the normalized one, min; and max; are min-
imum and maximum values of the feature x; respectively.
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Table 2 reports the dataset characteristics. As for the previous experiment we use
the Parzen method to calculate the A window size. The number of iterations has been
fix to 50000, yo assumes values in [0.1, 1], with a step of 0.1, and the number of code
vectors in the set {4, 8, 16, 32, 64, 128}. For BVQ3, we set the #ry_max parameter in
the set [10,20,30].

Table 2. Dataset characteristics: number of features (dim), number of samples (N), number of
samples in each class (N; and N,). A is the window size estimated through the Parzen method.

Dataset dim| N N, N, A
Australian 14 | 690 | 307 | 383 | 0.346
Liver 6 | 345 | 145 | 200 | 0.154
Mushroom 22 8124|4208 (3916 | 1.897
Tonosphere 34 | 351 | 126 | 225 | 1.897

Table 3. Error probability on each real-world dataset

Number of code vectors
Dataset 4 8 16 32 64 128

BvQ2| 0.1406| 0.1420| 0.1478| 0.1420| 0.1391| 0.1522
BvQ3| 0.1478| 0.1319| 0.1449| 0.1478| 0.1406| 0.1391
BvQ2| 0.3205| 0.3200{ 0.3190| 0.3505| 0.3505| 0.3700

Australian

Liver
BVQ3| 0.3267| 0.2919| 0.2981| 0.3305| 0.3324| 0.3348
BVQ2| 0.1001| 0.0617 0.0327| 0.0211| 0.0113| 0.0065
Mushroom
BVQ3| 0.0996| 0.0373| 0.0201| 0.0049| 0.0017| 0.0046
BVQ2| 0.1480| 0.1167| 0.1082| 0.1254| 0.0998| 0.1111
Tonosphere

BvVQ3| 0.1426| 0.1194| 0.0944| 0.0898| 0.0944| 0.0639

Table 3 summarizes the best results obtained in terms of average error with varying
the number of code vectors. The best results for each dataset is in bold.

Results in the table confirm the results of experiments with the synthetic dataset,
namely BVQ3 outperforms results of the BVQ2 version. As a matter of fact, BVQ3
returns best results in each dataset. The improvement is particularly significant in
Mushroom and Ionosphere, where the gain of BVQ3 over BVQ?2 is more than 36%.

Analyzing the results obtained in further detail, it turns out that in general the
three-vector version performs better for all #ry_max configurations. It is however not
possible to identify the best absolute configuration, as the best minimum error values
are achieved for different values of #y_max in different datasets. In particular, the
best value of fry_max is 10 for the datasets Liver and lonosphere, 30 for Australian
and Mushroom.
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Concerning the computing time BVQ3 is, as said before, more time-consuming than
BVQ2 : however the difference between the computing times of the two algorithms is
not particularly significant, compared to the considerable improvement of classifica-
tion performance achieved by BVQ3. As an example we reports in Figure 4 the trend
of computing times of BVQ2 and BVQ3 calculated on the dataset lonosphere: the
continuous line refers to BVQ3, the dotted line to BVQ2.

We can note that two lines have the same trend and are quite close, which corre-
sponds to two similar computing times.

Computing time
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Fig. 4. Comparison between computing time of BVQ3 and BVQ?2 for lonosphere.

4 Conclusions

In the paper we presented a new version of the algorithm BVQ, obtained by drop-
ping the hypothesis that at each iteration only a segment of the piece-wise linear bor-
der defined by a labeled Vector Quantizer is interested by the updating. Such hypoth-
esis leads to an asymptotically unbiased estimate of the true gradient, since asymptot-
ically the Parzen window involved in the estimate shrinks to a single point. However,
in real cases where a finite number of training data is available the hypothesis intro-
duce a bias that worsen the performance of the algorithm. As it is demonstrated in the
paper, the recognition of cases where a training data falls close to a vertex of the Vo-
ronoi diagram, and the consequent updating of the interested code vector leads to
more accurate approximation of the true decision border and to better performance
without adding significant complexity.
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We plan to extend the empirical study by performing more experiments on real da-
ta, and to compare the new algorithm with other state of the art approaches, also on
multi-class, unbalanced datasets.
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